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Abstract: D = 4, N = 4 super-Yang–Mills theory has an off-shell superspace
formulation in terms of pure spinor superfields, which is directly inherited from the
D = 10 theory. That superspace, in particular the choice of pure spinor variables,
is less suitable for dealing with fields that are inherently 4-dimensional, such as the
superfields based on the scalars, which are gauge-covariant, and traces of powers
of scalars, which are gauge-invariant. We give a reformulation of D = 4, N = 4
super-Yang–Mills theory in N = 4 superspace, using inherently 4-dimensional pure
spinors. All local degrees of freedom reside in a superfield based on the physical
scalars. The formalism should be suited for calculations of correlators of traces of
scalar superfields.
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1. Introduction
Pure spinor superfields provide the only known way to achieve off-shell superspace formula-
tions of maximally supersymmetric models. The formalism originates in superstring theory
[] and in investigations of the “ordinary” superspace constraints [,,]. D = 10 super-
Yang–Mills theory (SYM) is the standard example [,,], but actions have been given for a
number of other maximally supersymmetric theories [-], including D = 11 supergravity.
The resulting field theories can be quantised, and yield Feynman rules which lead to the
most powerful convergence estimates for D = 4, N = 4 SYM and D = 4, N = 8 supergravity
[-].
The focus of the present paper is D = 4, N = 4 SYM. Although the dimensional
reduction of D = 10 SYM provides a good description of the theory, it is less suited for some
types of questions. This concerns especially the treatment of gauge-invariant multiplets
like the stress tensor multiplet or the Konishi multiplet, which have no counterpart in the
D = 10 theory. Such operators have been treated in harmonic superspace [], especially
Lorentz harmonic superspace [,]. It would be desirable to have access to a maximally
supersymmetric superspace formulation which is adapted to this kind of problem. The aim
of this paper is to provide a first step towards such a formalism in the form of a classical
action.
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2. Off-shell D = 10 SYM and dimensional reduction
The action for D = 10 super-Yang–Mills theory is
S =
∫
[dZ] Tr
(
1
2ΨQΨ+
1
3Ψ
3
)
. (.)
For more detail than given below, see ref. [] and references in that paper. Here, Ψ is a
scalar fermionic superfield Ψ = Ψ(x, θ, λ, λ¯, dλ¯), depending on the non-minimal pure spinor
variables [,]. Ψ carries ghost number 1. The integration measure is
[dZ] = d10x d16θΩ , (.)
where Ω is the holomorphic 11-form on complex pure spinor space, which is a non-compact
Calabi–Yau space []. This integration needs regulation, see Section . The BRST operator
is
Q = q + ∂¯ = λαDα + dλ¯α
∂
∂λ¯α
. (.)
The pure spinor λ satisfies
(λγmλ) = 0 . (.)
The second term in the BRST operator, the Dolbeault operator, does not affect the cohomol-
ogy [], but is needed for a non-degenerate integration measure, and for the construction
of operators with negative ghost number.
The zero-mode cohomology of Ψ shows that it contains the SYM fields, and in addition
the ghost and antifields1. The proper interpretation of the action (.) is as a Batalin–
Vilkovisky (BV) action. The cohomology is listed in Table , where Dynkin labels with the
conventions of Figure  are used. When cohomologies are listed, the representations and
quantum numbers are those of the component fields.
4
1 2 3 5
Figure 1: Dynkin diagram for D5.
1 This and other lists of cohomologies in the paper may be calculated by hand or by the computer-aided
method of ref. [4].
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gh# = 1 0 −1 −2 −3
dim = 0 (00000)
1
2
• •
1 • (10000) •
3
2
• (00001) • •
2 • • • • •
5
2
• • (00010) • •
3 • • (10000) • •
7
2
• • • • •
4 • • • (00000) •
9
2
• • • • •
Table 1: The zero-mode cohomology of D = 10 SYM.
Now, consider the dimensional reduction to D = 4, N = 4 SYM. We split the 10-
dimensional vector index as m = (i, a), i = 0, . . . , 3, a = 1, . . . , 6. Chiral spinors split
as (00001) → (0)(1)(001) ⊕ (1)(0)(010), using the conventions of Figure . In the paper,
we will throughout use the collective 10-dimensional spinor index α, which means that
γiγa = −γaγi (the commuting situation is achieved by letting γ˜a = γaγ5). This simplifies
the index structure and minimises the occurrences of γ5 = γ
0γ1γ2γ3.
5
1
2
3
4
Figure 2: Dynkin diagram for D2 ×D3.
It is obvious that the same action, using the same pure spinors, gives a good description.
However, if one looks for supermultiplets that are inherent to the dimensionally reduced
theory, this turns out to be less natural.
3. Gauge-covariant superfields?
Examples of gauge-covariant multiplets, existing in D = 4 but not in D = 10. are the scalar
multiplet, starting with the six scalars φa (which of course, on shell, contains the local
degrees of freedom of the SYM multiplet) and the gauge-invariant stress tensor multiplet,
starting with φ(aφb)′ in the traceless symmetric representation 20 of Spin(6) ≈ SU(4).
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Consider first the multiplet based on the scalars. Since it starts with a gauge-covariant
field, the YM connection will appear only through its field strength, and the linearised
equations of motion should contain both d⋆F = 0 and dF = 0.
Using the methods of ref. [], a pure spinor superfield based on the scalar fields can be
formed from the original one by acting with a “physical operator”,
Φ˜a = φˆaΨ , (.)
where
φˆa = −
1
4 (λλ¯)
−1(λ¯γaD) +
1
32 (λλ¯)
−2(λ¯γa
mndλ¯)Nmn . (.)
(Nmn is the operator (λγmn
∂
∂λ
), which respects the pure spinor constraint.) Such a field will
obey all the desired relations, thanks to the identity {Q, φˆa} = −(λγaχˆ), where χˆ
α is the
physical operator for the fermion fields (see ref. []). This is however not enough, since it
only tells us how to extract fields from Ψ, not how to define them from scratch.
If we inspect the zero-mode cohomology of a field Φ˜a, which is assumed to enjoy the
shift symmetry [] Φ˜a ≈ Φ˜a + (λγaξ), we obtain a list with some problems. The desired
cohomology is listed in Table . In the table, there are the scalar fields, the spinors, and the
YM field strength at ghost number 0. At ghost number −1, one should find the equations of
motion for the spinors and scalars, both the YM equation of motion and the Bianchi identity,
and nothing more. This is however not what happens. The field content at ghost number
0 turns out to be correct. All equations of motion (antifields) are also obtained at ghost
number −1. However, there is undesired cohomology, in a large number of representations,
at the antifield level. The phenomenon starts with the representation (0)(0)(200) at λθ. Why
does this happen? If we had not set ∂a = 0, this cohomology could have been reached with
a derivative. In order to get rid of the unwanted cohomology, and reproduce Table , the
pure spinor constraint has to be modified.
4. D = 4, N = 4 pure spinors
We introduce a new “D = 4, N = 4 pure spinor” µα, satisfying
(µγiµ) = 0 , (.)
but with no constraint on (µγaµ). Note that this is the maximal relaxation of the D = 10
pure spinor constraint allowed after dimensional reduction, since, with q = µαDα,
q2 = 12µ
αµβ{Dα, Dβ} = −(µγ
iµ)∂i . (.)
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The pure spinor constraint (µγiµ) = 0 is irreducible. Remember that the effective num-
ber of constraints on a D = 10 pure spinor is 5. D = 4 is indeed the highest dimensionality
where a relaxed constraint (not being equivalent to the D = 10 constraint) is possible. The
number of degrees of freedom in µ is 12, compared to 11 for λ. The partition function for
such a pure spinor is obviously
Z(t) =
(1− t2)4
(1− t)16
=
(1 + t)4
(1− t)12
. (.)
The numerator (1 − t2)4 = 1 − 4t2 + 6t4 − 4t6 + t8 relates to the cohomology of a scalar
superfield in Section . The partition function (and the corresponding cohomology) is easily
refined to its full representation content; then the numerator becomes the ghost partition
Zgh =
4⊕
p=0
t2p ∧p (1)(1)(000) . (.)
The superalgebra associated to the pure spinor partition function, in the sense of ref. [],
is the superconformal algebra su(2, 2|4). It is unclear if this is a coincidence.
The integration measure also changes. Again, there is a holomorphic top-form. Instead
of behaving like λ−3dλ11, it will go as µ−4dµ12. Its explicit form is related to the top
cohomology of Table  (see section ), which has a representative in terms of minimal
variables ω ∼ ǫi1i2i3i4(µγ
i1θ)(µγi2θ)(µγi3θ)(µγi4θ). The measure is
Ω ∼ (µµ¯)−4ǫi1i2i3i4ǫα1...α16(γ
i1 µ¯)α1 . . . (γi4 µ¯)α1dµα5 . . . dµα16 . (.)
A measure [dZ] = d4x d16θΩ is bosonic and carries dimension 0 and ghost number −4.
As usual, a BRST-invariant regulator [] e−{Q,ξ} is needed in the measure (or in the
representatives of the cohomologies). The regulator can conveniently be chosen as ξ = α(µ¯θ),
giving {Q, ξ} = α((µµ¯) + (dµ¯θ)). The integration will be independent of α > 0, and letting
α → ∞ localises the integral at µ = 0. The regulator both makes the bosonic integration
finite at (µµ¯)→∞, and saturates the form degree. It is then straightforward to verify that
the regulated integral
∫
[dZ]ω gives a finite number.
5. Cohomologies and supermultiplets
The irreducibility of the constraint implies that the cohomology in a scalar field, which can
be read off from eq. (.), changes to a “trivial” one, given in Table . This means that pure
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spinor cohomology becomes de Rahm cohomology, and only flat connections are produced.
This may seem disastrous, but we will soon see how it is remedied in an action.
gh# = 1 0 −1 −2 −3 −4
dim = 0 (0)(0)(000)
1
2
• •
1 • (1)(1)(000) •
3
2
• • • •
2 • •
(0)(2)(000)
(2)(0)(000) • •
5
2
• • • • • •
3 • • • (1)(1)(000) • •
7
2
• • • • • •
4 • • • • (0)(0)(000) •
9
2
• • • • • •
Table 2: The µ zero-mode cohomology of a D = 4, N = 4 scalar superfield Ψ.
Concerning the gauge-covariant field Φa based on the physical scalars, it is straight-
forward to verify that the modified zero-mode cohomology does not contain the unwanted
representations. The zero-mode cohomology is precisely the one given in Table . The shift
symmetry used is Φa ≈ Φa + (µγaξ).
gh# = 0 −1 −2 −3
dim = 1 (0)(0)(100)
3
2
(0)(1)(010) (1)(0)(001) •
2 (0)(2)(000) (2)(0)(000) • •
5
2
• (0)(1)(001) (1)(0)(010) • •
3 • (0)(0)(100) 2(1)(1)(000) • •
7
2
• • • •
4 • • 2(0)(0)000) •
9
2
• • • •
Table 3: The µ zero-mode cohomology of the D = 4, N = 4 scalar superfield.
The same procedure can be performed for the stress tensor multiplet. A symmet-
ric traceless pure spinor superfield Sab(θ, µ) has the cohomology given in Table . Using
the D = 10 pure spinor λ again gives extra unwanted cohomology. The shift symmetry
Sab ≈ Sab + (µγ(aξb)) with ξ
α
a an irreducible vector-spinor, has been used. In addition to
the fields in the stress tensor multiplet, their differential constraints, corresponding to the
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appropriate conservation laws (including the R-symmetry current) are correctly reproduced.
The components of the stress tensor multiplet are described in detail in Appendix A.
gh# = 0 −1 −2
dim = 2 (0)(0)(200)
5
2
(0)(1)(110) (1)(0)(101) •
3
(0)(0)(002) (0)(0)(020)
(0)(2)(100) (2)(0)(100)
(1)(1)(011)
• •
7
2
(0)(1)(010) (1)(0)(001)
(1)(2)(001) (2)(1)(010)
• •
4 2(0)(0)(000) (2)(2)(000) (0)(0)(011) •
9
2
• (0)(1)(001) (1)(0)(010) •
5 • (1)(1)(000) •
11
2
• • •
Table 4: The µ zero-mode cohomology of the D = 4, N = 4 stress tensor superfield.
6. A new action for D = 4, N = 4 SYM
Can an action be written in the new pure spinor space? The BV Lagrangian density should
have dimension 0 and ghost number 4. A Chern–Simons-like action like eq. (.) is no
longer possible. Neither would it be meaningful, considering that Ψ no longer carries the
cohomology of the SYM multiplet. The local degrees of freedom reside entirely in Φa. The
shift symmetry δΦa = (µγaξ) should be implied by the action. This can only happen if Φa
appears in the combination (µγaµ)Φa. Then the shift symmetry is present thanks to the
pure spinor constraint and the usual D = 10 Fierz identity:
(γaµ)α(µγ
aµ) = (γmµ)α(µγ
mµ) = 0 . (.)
This combination has dimension 0 and ghost number 2. A “kinetic term”, implying the
linearised equations of motion for Φa and Ψ, is (µγ
aµ)TrΦaQΨ. It can be “covariantised”
with respect to the connection in Ψ to (µγaµ)TrΦa(QΨ + Ψ
2). However, such an action
will still lead to a flat connection in Ψ through the equation QΨ+Ψ2 = 0. What is needed
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is an equation of motion implying that Ψ contains a connection whose field strength is
the 2-form in the cohomology of Φa. This is achieved by the only remaining possible term,
(µγaµ)(µγbµ)TrΦaΦb, as we will demonstrate shortly. The full action is
S =
∫
[dZ]Tr
[
(µγaµ)Φa(QΨ+Ψ
2) + 12 (µγ
aµ)(µγbµ)ΦaΦb
]
. (.)
Note that the Φ2 term contains the traceless symmetric tensor, i.e., precisely the stress
tensor superfield.
The equations of motion following from the action are
QΨ+Ψ2 + (µγaµ)Φa = 0 ,
QΦa + [Ψ,Φa] = 0 .
(.)
We will now check that the stress tensor term in the action indeed implies that the field
Fij in the cohomology of Φ becomes identified with the field strength of the connection in
Ψ. Let Ψ = (µγiθ)Ai(x). Then,
QΨ+Ψ2 = 12 (µγ
iθ)(µγjθ)F
(A)
ij , (.)
where F
(A)
ij = 2(∂[iAj] + A[iAj]). This should be compared to the field Fij , which in the
Φa cohomology sits as
1
4 (θγaγ
ijθ)Fij . We contract this with (µγ
aµ) to obtain (µγaµ)Φa =
1
4 (µγ
aµ)(θγaγ
ijθ)Fij . This is cohomologically equivalent to
1
2 (µγ
aθ)(µγaγ
ijθ). On the other
hand, we can use a 10-dimensional Fierz identity together with the pure spinor constraint
to obtain
(µγaθ)(µγaγ
ijθ) + (µγkθ)(µγkγ
ijθ) = − 12 (µγ
aµ)(θγaγ
ijθ) . (.)
Taken together,
(µγaµ)Φa ≈ −
1
4 (µγ
kθ)(µγkγ
ijθ)Fij = −
1
2 (µγ
iθ)(µγjθ)Fij −
1
4 (µγ
kθ)(µγk
ijθ)Fij . (.)
The second term is trivial.
The first equation in (.) thus sets F (A) = F . This also implies that the second equation
of motion gives covariant derivatives with the right connection, and the on-shell equivalence
with D = 4, N = 4 SYM theory is established.
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7. Conclusions
Modifying the pure spinor constraint to (µγiµ) = 0, i = 0, . . . , 3, turns out to be fruitful
in D = 4, N = 4 SYM. It is shown that it is necessary for a correct description of gauge-
covariant multiplets, i.e., any superfields based on the scalar fields. Even if the ghost number
0 sector is the right one when 10-dimensional pure spinors are used, the presence of “false”
cohomology at lower ghost number disqualifies such fields for quantum calculations.
The new action given has all propagating degrees of freedom located in the superfields
Φa based on the scalar fields, although the gauge connection is shared with the gauge
superfield Ψ. The action shares the property with all other pure spinor superfield actions
that it is of lower degree in fields than the corresponding component field action (even in
cases with non-polynomial component action, the pure spinor superfield action becomes
polynomial [,,]). In the present case, the only cubic terms come from a field strength
and a minimal coupling.
Deriving Feynman diagrams and computing amplitudes will involve gauge fixing. Since
the fields use have a natural interpretation in the BV setting, all fields will need gauge
fixing. In the superfield Φa, which has no ghost zero-mode cohomology, this will amount to
eliminating antifields. This should be done using a b operator [], which will be very similar
to the one in the D = 10 formalism.
The action presented here then looks like a good starting point for calculation of corre-
lators of e.g. the stress tensor multiplet and the Konishi multiplet, or of more complicated
operators.
Appendix A: The scalar and stress tensor multiplets
The ghost number 0 part of the field Φa in minimal pure spinor variables is a standard
superfield φa(x, θ). The condition QΦa = 0 gives
Dαφa = −(γaχ)α ,
Dαχ
β = 12 (γ
ij)α
βFij + (γ
ia)α
β∂iφa ,
DαFij = 2(γ[i∂j]χ)α ,
(A.)
where
φa = 0 ,
(∂/χ)α = 0 ,
∂jFij = 0 ,
∂[iFjk] = 0 .
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The stress tensor multiplet, in a superfield Sab, is obtained as the square of the scalar
superfield,
Sab = Tr (φaφb −
1
6δabφ
cφc) . (A.)
Acting with consecutive fermionic covariant derivatives and using the equations (A.) gives
the linearised multiplet with the field content of Table . Concretely, suppressing the traces,
DαSab = 2(γ[aYb])α ,
DαY
β
a = −
1
6 (γaγ
bcd)α
βJbcd − (γ
i(γbδca −
1
6γ
bcγa))α
βJibc
+ 12 (γ
ij(δba −
1
6 (γ
bγa))α
βJijb + . . . ,
DαJabc =
1
8 (γabcK)α + . . . ,
DαJiab = −
1
2 (γabKi)α + . . . ,
DαJija =
1
4 (γaijK)α + (γa[iKj])α + . . . ,
DαK
β = 2δα
βL− 2(γ5)α
βI + . . . ,
DαKiβ = 2γ
j
αβTij + . . . ,
(A.)
where the ellipses denote terms with bosonic derivatives on lower-dimensional components,
arising from symmetrised fermionic derivatives, and where
Y αa = φaχ
α − 16φb(γaγ
bχ)α ,
Jabc =
1
16 (χγabcχ) ,
Jiab = φ[a∂|i|φb] +
1
8 (χγiabχ) ,
Jija = φaFij −
1
8 (χγijaχ) ,
Kα = 12 (γ
ijχ)αFij ,
Kiα = (γ
jχ)αFij −
1
4 (γiγ
jkχ)αFjk
− 13 (γ
a∂iχ)αφa +
2
3
[
(γaχ)α∂iφa −
1
4 (γiγ
jaχ)α∂jφa
]
,
L = 14F
ijFij ,
I = 18ǫ
ijklFijFkl ,
Tij =
1
2 (Fi
kFjk −
1
4ηijF
klFkl)−
1
4 (χγ(i∂j)χ)
+ 13 (∂iφ
a∂jφa −
1
4ηij∂
kφa∂kφa)−
1
6φ
a∂i∂jφa ,
(A.)
subject to the equations
∂iJiab = 0 ,
∂iKiα = 0 ,
∂jTij = 0 .
(A.)
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